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Slack Vriables
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Problematic Linear Separation

Support Vector Machine (SVM) Classification
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Real-world data is often not

perfectly linearly separable.

Some points may be outliers or

overlapping between classes.

Enforcing 100% classification

accuracy can lead to overfitting.

If the constraints cannot be

satisfied, hard-margin SVM fails.




Perfect Prediction vs. Overfitting

SVM can perfectly predict (separate) all points.
SVM is adjusted to outliers.
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Even SVM misses some outliers,
this line is better!

How can we handle this?

5/ 33




Recap: Adding Regularization

We introduce slack variable, "Soft-Margin SVM"

Make SVM allow for constraints to
misclassify a few points

é N I \‘\* Misclassification Penalty

1
fn 2
%llgl 2 Iwll®+ € z fl The more wrong classification,

the bigger ¢;

subject to
yiw'x; +b) >9;,— ¢,
& =20,vi=1,2,---,N

C controls relative strength
of misclassification penalty

b/ 33




Understanding Slack Variable

&; = 0: correctly classify

A O .. . . |
; > U:violate margin
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(not all misclassified)

& = 0.5: correctly classify
but x; is inside of margin

&; >1: x; wrong side of
decision boundary
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Gradient Descent in Linear SVM



Hinge Loss

12

== | ogistic Loss

E. > O @=== SVM Loss (Hinge)
I — 10

vi(w/x;) =1-¢

Let's consider equal condition
instead of inequality.

Loss Value
(o)}

AT ) — 1 _ Z.
YL (Wl xl I 1 Sl 0700 -75 5 35 0 25 5 75 10
Score (zory-y)
_ T
& =1—y(w/x;)
¢ is non-negative,

£ = max (0,1 — J’i(WiTxi))
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L= EWTW + CE max (0, 1— yi(wiT + b))
=
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Duality

(Linear = Non-linear SVM)

11 /7 33



Lagrange Multipliers

’ PRIMAL PROBLEM - N LAGRANGIAN -eooee \

. P m z

min f@) LN =)+ Y el

. Subject to: . izl. _

gz(w) S e 1,...,m o Deflne}\L;gET:ge)\m;lgphers:
. - LRl

Inequality constraints i * Key mechanism: A Iarge

—_

. i | positive penalty is applied to

L when any constraint is
violated (e.g., gi(z) > 0).

’//////( @ )))//,,. . Complementary Slackness:

.| Feasibility gap is zero for

Primal optimum z*
(when it exists)

Algi(z*) =0, Vi

Primal Problem: f(2) — Construct Lagrangian: L(z,A) — Form Dual: g(A\) —

optimal primal z* and dual A1*:

-~ DUALPROBLEM -

. Dual function:

g(A) = inf L(z,\)
zeR"

. @ g(X) is Concave: even if f

and g; are not convex!

e Pointwise infimum of

affine functions of A.

Dual optimization problem:

max A
AER™, \>0 9(A)

Maximize Dual to
get dual-optimal A*

Q Key Idea: 1. Transform a CONSTRAINED minimization problem into an UNCONSTRAINED

dl

Y (though sometimes implicit) maximization problem using the dual function.

2. Primal feasibility is implicitly enforced by the non-negativity of multipliers A.
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If we have two types algorithms such that:

{ Algorithm P*: takes 10 Hours to solve

Algorithm Q*: takes 10 Minuntes to solve

Absolutely, we prefer the algorithm Q*

This paradigm also exists in QP as well as LP,

which means the paradigm can be applied to SVM
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General Objective

p*: minimizes primal objective
d*: maximizes dual objective :
Duality gap

p* — d": duality gap

Our goal: p* = d* (minimize duality gap)
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Lagrange Mulitpliers (1/2)

") max f (x,y)
X,y

subjectto g(x,y) =0

d4

The solution seems to be somewhere

f and g are parallel!
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Lagrange Mulitpliers (2/2)

Introduce new variable Y

A: Lagrange multiplier

Setup new function:

L(x,y,A)

=f(x1y) _Ag(xry)

We call L(x,y, 1) as "Lagrangian”

The solution to find L(x, y, A) such that VL = 0

Vx,y,AL(x; y,A) =0

1b / 33
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Derivation of Required Equations

Lix,y,4) = f(x,y) — 2g(x,y)

Vx,y,AL(x; y) A) — 0

L
VeyLl(x,y,4) =0 57 =9(y)=0
Vx,yf(x: y) — Avx,yg(x' y)=0 Vx,y,)ll‘(x' y,A) =0
Viyf (6, y) = AVyy9(x,y) This generates
3 unknows and 3 equation.

We can easily find solution!
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General Form of Constrained Optimization

min f(x)
X
subject to: gi(x) <0,vi=1,---,N Inequality constraint

hj (x)=0,vi=1,---,M Equality constraint
N

M
Lx,a, ) = f(x) + z a;9:(x) + z Lihi(x),a; > 0,; € R
=1

=1 j

min f(x) » minL(x,a,A) - V,.L(x,a,1) =0
X X

Dual Problem:

g(a,A) =infL(x,a, 1)
X

Fix @ and 4, then find minimize L(x, a, 1) w.r.t x
(Lower bound of x)

max g(a, A) Function without x, dual variables: «, 4

@20,A€R (We want maximum lower bound)
N M
V,L(x,a,1) =V, f(x)+ z a;V,g;(x) + Z AjVyihi(x) =0
i=1 j=1
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Optimality Condition of the Lagrangian (Stationarity Condition)

N M
Vo.L(x,a,A) =V, f(x)+ z a;V,g;(x) + Z AiVyihi(x) =0
i=1 j=1

"Stationary”: O O|&f H5HA| Bi=
7|2 7|(gradient)?} 0 O|2tA]| gt= 240 S7toFALE A A5HA| Qi H

N

M
Vef () == ) aiVegi() = ) 2Vely(x)

=1 ]

Primal problem’s gradient = constraint gradient combination

At the optimum,
the gradient of the objective is balanced

by the gradients of the constraints.
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KKT Conditions (Optimality Conditions)

KKT (Karush-Kuhn-Tucker) conditions

KKT conditions characterize the optimal solution of
constrained optimization problems.

HMef =40] fle At 2H9f XX 7t 2HEoof of= 2R =4

(constraint optimizationO| A 2| optimality Z=)

1. Stationary condition: V.L(x,a,A) =0
2. Primal feasibility: gi(x) <0,hi(x) =0
3. Dual feasibility: a; =0

4, Complementary slackness: a;g;(x) =0

When strong duality holds,
the optimal solutions of primal and dual
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Applying Lagrangian Duality to SVM

N

L(w,b,a) = f(w, b) + Z a;g:(w, b)

i=1

1
, Where f(w,b) = §||W||2, gilw,b) =1 —y;(w'x; +b) <0

Put all together:
SVM objective + Duality + Lagrange + KKT + ---

We will omit all heavy mathematical works
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From Primal SVM to Dual SVM

Only inner products between

Huge & heavy math are omitted training samples appear

4 N o

in= lw]|? max
min—||w
wb 2

N N
ZZQ a]yly]x X;

=1 i=1j=1

subject to: jl> subject to:

yi(wlx; + b) > 1,
Vi=1..N a;: Lagrange multiplier

\ / \\ (importance of i-th constraint) /

Almost data points: a; = 0

hJIhk

>0(i=1. N)Z a;y; =0

Decision boundary:
Linear combination of Data points near decision boundary: a; > 0

support vectors!
PP Support vector
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Train & Predict

Train
N N N
1 T
g 13 aaty
= =1 ]=1
subject to: .
a; =0,vi=1..N, Zaiyi=0
=
Predict

x: input data
fx)=w'x+b= z a;yixi x +b x;: training data

iESV
SV: support vectors

where w = ¥, @;y;x/ is linear combination of SV
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Kernel Methods



Why Do We Need the Kernel Trick?

Problem: Linear Models Have Limited Expressiveness
Linear classifiers use a hyperplane:
f(x)=wlx+b
« Decision boundary is linear
« Many real datasets are not linearly separable

« Examples: circular patterns, XOR structure

Idea: Map Data to a Higher-Dimensional Space
Transform the input features
x = ¢(x)
Data becomes linearly separable in the new space.
Example:
¢(x) = (xf, x5, %1, %)
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Introduction to Kernel Trick

Problem: Feature Explosion

Explicit feature expansion causes:
« Combinatorial growth of features
« High computational cost
« Memory inefficiency

 Increased overfitting risk

Solution: Kernel Trick
Instead of computing the mapping explicitly,

compute the inner product in feature space:

K(xi %) = ¢ (x)" d(x7)
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How to Kernel Apply

Training Prediction
N N N
= Tx+b= Y ayxlx+b
max ) a;—> QY yix] X WX +b= a;yix; x +
(04
i=1 i=1j=1 LSV

a;a;y;yiK(x;, x]-)

v

wlix+b = Z a;y;K(x;,x) + b

LIESV

K(Xi, xj) = ¢(xi)T¢(xj)
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Linear Kernel

K(x,z) =x"z

v O|O|EE CtE Xt S 2 D ESLX|
%=Lk
v Kernel trickO| &K 2 ZHQ QY=HL2
/YRl S syMIt 5
A /
\ ¥, / DECISION BOUNDARY
¢ -~/ - (HYPERPLANE)
4 £
7 ™~ } 4
7] i /
CLASS A A NG ‘{/
(Red) 5 (D) 7 -
/7l A //
X2 4 // 7 e '
g C CLASS B
3 ,’/ o/ @ (Blue)
P /
//\/ )
// /,
/ )_/
] L / NMARGIN
1/ / 1
1 2 3 4 5 .
X1

28 / 33

YNFS|
oo

A P ETEYTE
v e A HS
v T EolEfof Mgt

CHE

v HIA‘|0:| MHE%EEI I-c')-l_jlo.IE:IE

v HO|E7} ME™HoZ 22|5X| %o
450 BojE 4 918




Polynomial Kernel

K(x,2) = (yxTz + )¢
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Sigmoid Kernel

K(x,z) = tanh(yxTz + ¢) 7} S-shape 3 EH

Ju oA
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Gaussian Kernel ( Radial Basis Function)

_ 2
K(x,z) = exp(—vy|lx — z[|*) Also called
- N "Radial Basis Function (RBF)
v 017|0] =42 YRSIMAI.5F HO Kernel”
7t ™ 7H 4 ZHo I
ER 27 2 gol 10 228] SA014 20| 7 31, ZA0IA
v S HO| HO{X|™ 7 2t0] o0f 7HLLE HO|HTE X|+HO R A= HE
v Local similarityS Ot & HESHL} 5
" - X —
v 24 convex FX| - X[ HG| HE SN N(xlu 0'2) = exp <— ( ‘lzl)
' 20

/ 1\ i
. u\\\\; |
TG
“:““‘8“‘\\\\\%\\\\ ]
A

I

10

0

15F

20¢,

31/ 33




Excercise with Codes
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Exercise SVM in Code Level

Ex #1. 2D Classification (Social Network Advertising)

Ex #2. Non-linear classification (Donut Problem)

Ex #3. Medical symptom prediction (Breast Cancer)

Ex #4. Handwriting image classification (MNIST)

Web link:
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