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Lecture Goals

B High-Dimensional Data Problem

B PCA (Principal Component Analysis)

B SVD (Singular Value Decomposition)

B Analysis on PCs
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High-Dimensional Data Problem



Curse of Dimensionality

Bl The number of samples is limited.

B As dimensionality increases, the same local neighborhood occupies a much

smaller proportion of the total volume.

B Required data grows exponentially with dimension.
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Correlated Features & Distance

B Consider a model that predicts using

A
nearby samples (k-Nearest Neighbor). Irrelevant Feature

1.0
- Adding irrelevant features significantly .

ve
degrades performance. s ‘Z o

- High correlation among independent feature o i)

. . . [ _i{l.xl \

distorts distance metrics. x2 00 /*_i/i 2N ¢ .
o (- 1--0
\ JL{ p A/ L
d ,/’i_l//._ &

_ : 05 -~ a4

d(xi, xi) = Z(xik’xjk) Nearest? °

k=1

-1.0 - * i

B Features unrelated to the target increase ‘ '
-1.0 -0.5 0.0 0.5 1.0

noise in distance computation.
p Relevant Feature —»

B In high dimensions, the notion of

“nearest” becomes unreliable.
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Overtfitting Risk

B Limited training samples cannot sufficiently cover the expanded space.
B The model starts fitting noise instead of true underlying patterns.

B Training error decreases, but generalization error increases.

A # Parameters/
Model Flexibility

- Limited Samples

Test
Error

e Overfitting
—~—
Low — High =»

— Dimensionality =
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Dimensionality Reduction

B Removing highly correlated variables may lead to information loss.
- If correlation = 0.8,
the remaining 0.2 variation is discarded.
B Need to reduces dimensionality while preserving maximum information.

- Principal Component Analysis (PCA)

- Optimal linear combinations of features PCA
Other approaches:
- Other approaCheS: j} m Feature selection
- Feature selection , EEEEE EEE
T m-
.. . Y [ v
- Regularization-based regression
m Regularization-based
(L1, L2) PCA: Optimal linear combinations  regression (L1, L2)

of features

PC; = 0.85X; +0.85X;
PCZ = —O.6OX1 + O.6OX2

* Drop out & Bagging min |IY_XIBIC+)‘|[3||2
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PCA

(Principal Component Analysis)
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Data Representation
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Vector Projection
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Covariance Matrix

B 572 Glo|E{ ()7t BOtL} & A=7T?

- S73 ¥ (Feature Pairs) =0| Z0tL} H|=TH7}?
43t ol

- BO[E] 50| YOfLt 20| HBH=T}?

Var(X;) Cov(Xy,X,)
Cov(X,, X1) Var(X,)

Cov(X) =
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Covariance Matrix (cont.)

Var(Xy) Cov(Xq,X,)

Cov(X) =
VX)) =\ cov (X, Xy)  Var(X,)
“;L“:
ul.
A 5 0]
»
¢ A
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Eigen Vector & Value

0

B 115 HE (Eigen Vector): &
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Fundamental of PC (Principal Component)

B Eigen Vector=

N

HHO| Figen Vectorl] 2|0 =2
J2 HIO|E{ 7t ol Hrko 2 2L A=K & 5= ACH
OpLt HE 7L SO|L =X & Y3 ECL

- 12|22 Eigen Value?l 2

| -
o A
o=2=2 O
- Eigen Valuex= &
= &ML £ Eigen Vectorg d &5t
- 7t% 2 Eigen value 2= %= Eigne Vectorg =A{CH = M EASIH EICE,

- O] A MEiL|= HEZ0| =8 & (Principal Component)O| C}.
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Don’t worry, be happy!

B 478 0 e A,

https://www.hani.co.kr/arti/society/society general/761295.html https://www.ajunews.com/view/20210526232711295
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Dataset Representation
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Data Centering

W ClO|E HE{7I & ¢ 02 H=F =8
- HIOJE &0 Bt = W =T &
4 I
D=| d, d, ds - dg X =D —mean(D)
o _/

BlAl: 58222 H 2 E&8(feature)= 2ULHLD JHE = 5HHC| I|, =2
X =D —mean(D)
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A
X, X, Xy - X
A3
: \_ _J
\_ Xe
dot(X{,X;) dot(X,X,) dot(Xy,Xy)
_ | dot(X3, X1) dot(Xy, X3) dot(Xz, X)
_dOt(XN,Xl) dOt(XN,Xz) dOt(XN,Xk)_
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o dOt(XN,Xk)_

dot(Xy, X;) 1
dOt(XZ, Xk)

0l) Pandas DataFrame
import pandas as pd
pd.DataFrame.cov( )
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kimyh@hani.co.kr

https://www.hani.co.kr/arti/society/society general/761295.html https://www.ajunews.com/view/20210526232711295
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T3 & (Principal Component, PC)

B =’ & (Principal Component, PC)

OIAl 2XHE CIOIE 3XHE Ol UM = Ol =&0ot A &7?)
={4HO| CIOIEIS SEfE BEAID|l= et

= o
S=4H0 LHEHU = Bt e =1 H=s2 &

B Principal component, PC, PC score
2> 25 Z2 YL
- =25 o|0]: A= ot 0| M| Xk

. wEE~ JEH/\-I HE L= HLA?
s=it == 0lEoHM PCE &=les
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Determinant (H&EAl)
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Determinant (& 2 4])

B 13H-~ DeterminantZl ®H7127?
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- det(A)=1Al=1Xx3-(-1)x2=3+2=5
- area(P’)= Al area(P)=5x1=5
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Al = (Inverse)
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A AE: Eigen vector, eigen value
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Eigen vector, eigen value
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=2|4 2|0

B Eigen vector, eigen value
Av = Av
H Ot HO| CHol AE AZ dIH 2 Oj
- Y2 HH K| g2, A 7[2 B = BB & eigen vector (117 HH

Jv Bt SHLCE
- e HHE [ Hotk[= H X E eigen value (15 2f) 2 O|2t gFL|CH,

Ol0IXI &X:
https://upload.wikimedia.org/wikipedia/commons/0/06/Eigenvectors.gif
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Eigen vector 7to}7] 1

Av = Av

o a;; a X =
@8 a= [ Llr=[; 7] v=[;] A= 50 ¢l 42 w7

) I I Ax

Ay X1+02X, | | AX, vIt &Moot ™H (4 —2AD2 FAHAQ|
[a o, - ZETH5EA OFOF BHLICH

Ay X1+apXy = AX cisizi0] 5K LOAHD det(d — Al) = 0

X{ + ay,
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Eigen vector 7t5}7] 2

Av = Av 4 = [411 a12]
- lazy ap;
A—ADv =20

Ay X +ax, | | Ax,
A X1+apX, - AX,
Ay X1+ApX, - AX,

11-A)X

[a Xp+apXy [ | Axy|_

(a11—4) ]
az1 (a1 — DIlx

“lo 1l =[x
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fAv=/1v
(A—ADv=0 0|22 1HZ CHotH
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MR 215: SVD
(Singular Value Decomposition)
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SVD: Singular Value Decomposition

SVD: Singular Value Decomposition
- Ot AHE S 02 =2 Zoliots TR (F=to| 3712l HE =2 2ol gL T

o
- HAZ A7t mxn 2 37|57t AAA HEQ B2, ChS0t 20| oL Cf.
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QF V: Orthogonal matrix (&
- & 3: Diagonal Matrix (CH 2 & &)

w ===~ Orthogonal matrix? &uw 0| SOHXN SIIR?
Diagonal Matrix (CH2+ &) & DE“'O&R TTIT
2> (=S =201E0M oA sSLICH
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SVD: Singular Value Decomposition

B SVD: Singular Value Decomposition

otLtel MES o2 7= =ol5ts Y (F&0] 3712 HE = ZolierL )

OfH $4 A7t mxn o 37|12 717 MAIZIE 9Ol A9 O} 20| BejeLint

A=UzVT

07| 2t Wgo| A7) ket 2Lt - >< o Sl X

cAimXn U:mXxXm tmXn VinXn

(m < n)

- O7IM Zt ol SR cheat 2Lt _ X
VTV —_ mxn Um.xm,
- p
) (m >mn)
UTU =1,

- X: Diagonal Matrix
- ¥ 2| SHIH(column vectors) & XTX 2| eigen vectors

- 29| O &t B2~ (diagonal entries) = XTX 2| eigen values
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B Orthogonal Matrix (& 11 & 3)
AME M2 et LIHA| B column vectorS 1t

Orthogonal (& 1I1)S}= unit vector (EH¢| HE, Z0[7} 10l Bl H)

- B = column vectorZf AF7| KpAl
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Unit vector (£ B H)

B Unit vector (S B E)
gL .
ot= He| Bhel= ®H7E JALte? &AM Q1 Z40] O/ H (m) /L.

- HEO TS B
- 2 RF ALG
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O™ HIE{ y E unit vector ¥
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Unit vector (TH| Bl E)

B Unit vector (EH$] HIE)
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Orthogonal vector (&1 I E)

Bl Orthogonal ??

- S HE|o] Lf={0] 0 O AgS ofn|gtLc

- O O [ =]
- 715t o 2 A2t O|F M §LICH 3 7|=2= 1 2F 20| 7|2 Lt

B 5 YE a2 b 7 orthogonal SICHH,

- Ct2 #EQto| LNzte o 1, 10 U iF]
W1 ifi=j
- X}7| RpAlIEO] LHRZE 1

B TP HE{7} Xuots % .
__[—sin6
- A& e cosf

OI0I Xl & X: https://twlab.tistory.com/37 - f-e?'lﬂth- =1
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4 a, N I (N 00 )

ATA N 4 ay o, | = 0N .0

_ a I . \_ 00

Orthogonal vector

1. XD RAIDO LIRS 1 XTx 2=
2. 2 #EH 220 Cto| sH 24
LIS XS DXI(E D) 5o 71 & & (Identity matrix)
CtAletEH SVD S& = J|Yoll &=L Ch
A=UzVT . sHzo 37
A:mXn U:mXxXm rxmXn

oozl'
Wy

= U 2 V: Orthogonal matrix (&
=& 3. Diagonal Matrix (CH2+ g )
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SVD2| =A%l H| 2= RO0tA

CtAl et SVD SE& & JIYoll sLILCH IS LEAIL AN 72

mxn U’FT?.XTTI. X
A:mXn

xmxn (m < n)

ooI"
o

= U 2 V: Orthogonal matrix (& 1
= ¥ : Diagonal Matrix (CHZ &1 &)
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Of AN Az ATA 9 D

=4l

=

2™ CHer! MESy=
Eigen vector, eigen valuect=R7? 2 1&
2> S sct0l=0A 2FotAsLICH
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SVDO]| A eigen vector, eigen value & O} L{{ 7|

pp— i AT 2 2o SLICH

AT = (uzv DT =yxTuT LILCH.
. #g@o| 37|

A:mXxn sHad AT 2 A E S EHLILH
g_: mXxm ATA =vE"uTuzv? Orthogonal matrix UT 2t U €
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VinXn T S
A'A=TVE2V Diagonal matrix =T 2t £ £
. S| EX sotH A A&l e M=ol LI
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: Diagonal Matrix A0 Vv E SELICHL
ATAV = V22VTy = 3?2 V= [vy,vy,1,] S HYHHA
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T _ 2 _ [~2 2 y)
A" A vy, vy, 0] = (v, 00,0, 1, |2% = |of vy, 055, -, 050, ]
T 1=g? v, : :
St g Az A Allvi=of vy Eigen vector, elgen valueZ2
Bk} BFLICH 322 d&tol Z XL

Av=Av
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PCA using SVD 1

B SVDE 0| 8¢t PCA +=H

[ -

B X Oo[EE +~eLICt

- 27l 2| FeatureE #= 1,000712| HIO|H A S F=RUCHA 7Hd St E LT

x
B Mean Centering= T3 &L|LC}.

g 7

Mean Centering

2} feature (Z1, Z2)2
Hgl= tisLIChH

1 < -0.0289
2 Bz: 0.0288
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PCA using SVD 2

= aaps ey o UM ALt
B SVDS s ELCt. AT O olLICk
- AE7FBOIM 372 S0 A BRHSHZS LI @ 28 sVvD A2 HFE 7L
-0.0309 —0.02167] .. -, 20 071

071 [ —0.
A=UzVT =] -0.0001 - 0.0092 [ | [
0.0071 0.0060 |0 31.151 L 0.71 0.70

el p 9 (column vector)=
ATa  ATAv; =ofv, ATA 9] ol L|CH,
Cov(A) = 1 =
" == == A VAT
S EN =
ATA | ~0.70 0.71
n—1 " |h—1 Y V:l 0.71 0.70
71.542 - -
M = Tog0 1 = >12 Figen vector &
Eigen values _[—0.70 _[0.71
B8 =107l 727 oo
271000—-1
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PCA using SVD 3

B PC (Principal Component) score 75}7|

~0.0309 —00216] . ., —221 —0.67
AV = UL = | —0.0001 — 0.0092 [ ] —0.71 —0.29
31.15
0.0071  0.0060 051 ' 019

PC1 PC2
B 7 PC 2SS 0|23}0] ChUs BA 43
Oi7|7tX| U}e} SO, O|H|&= PCAS B ZL|ChAn
™\, mESEPe
% PCA =& 1t (PC score ##ol))= LA =H 2.
T “Jef M PCAJE =OHAl el K7
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Analysis on PCs
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PC score 7F =CHA| O 2|O] Q1 7}?
B PC score 7} =CHA| 0t 2|III|?_|7

A=Uzx VT

AV=UZXZ

2|0t 228 G0 A

(mean centering =8 &l 21) Vi
n M2 S4 (feature) vi — vl;’z
| Vim
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i HI 2=X12 18 W PC score = al vy

i HEH 2=XI2| PC score (vector)
— _ T T T
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HE LA (inner product) 2|0

B HEC| LA (inner product £ dot product 2t £ 27| LT}, Ar)

A= [(11, Clz,"‘,(ln] B =

AB = [albl + azbz + -+ anbn]

Ar2tS OABO|l HI2 DA X =g
lla = blI> = llall* + [IbII* = 2[lallllb]l cos @

otH, Ole SAE &g
la = bl|* = (a—b) - (a—Db)
= |lal|* — 2a - b + ||b]|?
? & A= ZeotH 2=0= a-b = ||allllb|| cos 8
llall* + [IbI* = llalll|bll cos 6 |:> { a-b

= llall - 2a - b + |Ib]]? €os® = il
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1302 M Ol Of Xl

OI0IXI &EXH:
1. The Elements of Statistical Learning, Tibshirani and Friedman
2. https://heung-bae-lee.github.io/2020/04/03/machine learning 07/
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