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Recap: Taxonomy

v ; Reinforce Learning
N
"‘ é /\
P -";‘}
'«g Model-free RL Model-based RL
<=,
On-policy (Policy-based) Off-policy (Value-based) ~
Learn directly the stochastic [ Learn state (V) or state-action (Q) value }
Act by sampling policy Act by choosing the best action in

a state

Act by sampling policy

Exploration is needed
(exploration is built-in)

(exploration first, then increase exploitation)

Eg. Policy Gradient Eg. Q-learning
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Define Optimal Policy *

Goal: Learn how to choose action a; to maximize cumulative rewards

Policy: A function to predict next action
with given state or state-action

.
[ Agent }

State s; Action a;

Reward 7

Next State s;4 ¢

[ Environment 1
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Formulate Optimal Policy

w(a; | s¢)
[ Agent J Cumulative discounted reward
Reward 1; ¢
State s, Action a; R, = V' 1t
Next State s;, t>0
[ Environment } ) where 0 < ) 4 |

action a; to maximize maximize cumulative
cumulative rewards discounted reward.

Goal: Learn how to choose [ Find optimal policy that

Rewrite using Math, Applying randomness
— Stochastic
So~p(s
0 p( O) Environment
m* = argmax E Z)/trt | <j 4 ar~m(- |s¢)
T
t20 _ St+1~PC [Sg, ar)
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How to find optimal policy?

Among m(a; | s¢), how to find optimal policy m*(a; | s:)?

Let assume m produces sample paths (trajectories)

m(a | se)

Next State 5,4

Reward r;

State s, Action a,

Environment

Tl: S0,A0,11,51,A1,12,° ", Spn—-1,An—1, T, Sn

TZ: S0,A0,71,51,A1, 12, , Sp—1, An—1, T, Sn

Tn: S0, A0, 11,51,A1,72, ", Sn—-1,An—1, T, Sn
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Rewrite value function with policy @

Keepinmind m* = arg m;lXIE Z vir | @
=

— Value Function: V™(s) = E, . ;|R(1) | s = 5]

T: S0, A0, T71,51,A1, 12, , Sn—1,n—-1, T Sn

R(7)

Types 7 V*(s) = max E Zytrt | s =s,m
T

t=0
"Of SEfZF EOtLt 271

— Action-Value Function: Q™ (s,a) = E, . ,[R(7) | 5o = s,a, = a]

T: S0,y 11,51,A1,72,°"", Sn—1, An—-1, T, Sn

Q*(s,a) = max E E vire|sg =s,a0 =a,m
£=0
"O] EfOIM O] == StH SOty Z2717"
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Introducing Bellman Equation

Keepinmind m* = arg mé;lxIE lz yir | n]
=

T° = 0*(s,a) = max E [zytrt | s = 5,00 =a,m
T
t=0

How to solve this?

Find "Self-consistent Equation (Recursive Formation)"

Why?
By recursive structure, we can apply DP
(Overlapping sub-problem + Optimal sub-structure)

By current estimate, we can bootstrap value function

(Modifying current estimates based on uncertain
future estimates)

7
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Thank you very much, prof. Bellman!

The Bellman equation (edi V' (xy): Optimal value by maximizing objective.

So far it seems we have only made the problem uglier by separating today’s decision from future
decisions. But we can simplify by noticing that what is inside the square brackets on the right is the
value of the time 1 decision problem, starting from state &, = T(:ﬂm ag ).

Therefore, the problem can be rewritten as a recursive definition of the value function:

V(zg) = max{F(zg,aq) + 8V (x1)}, subject to the constraints:
iy

ag € I'(xg), 21 = T(x0,a0). T (x, a): state changes form x to a new state

This is the Bellman equation. It may be simplified even further if the time subscripts are dropped

and the value of the next state is plugged in:
F(x, a): Current payoff taking
V(z) = max {F(z,a) + BV(T(z,a))}. action a in state s

acl(x)
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https://en.wikipedia.org/wiki/Bellman_equation

Rewrite Bellman Eq. using RL notation

Q*(sg,ap) = E [r + y[nba}XMQ*(s’, a’)}l So» aol

Expectation is taken over|stochastic transitions.

Bellman equation in RL is analoggus to dyna
in shortest path problems.

IC programming

Dijkstra’s Algorithm d Algorithm
Dj; = min{ D}, + di;}

goal
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Optimality between Bellman and Reward

Q*(SO'aO) =L [7" + ]/HzlE}XQ*(S,, Cl,) | SO'aO]

If optimal state-action, (s’, a’), value of next step is known,
the Bellman equation reduces to:

Q" (sg,ap) =7 +yQ*(s’,a’)

Optimal policy chooses the action with highest Q-value:

[ Optimal policy chooses the action that
« | leads to the best future trajectory.

Xz HEfO| A A|ZSHE trajectory & O|2H
.I

L 7 2 trajectoryE THE0 = A A5 MHEM

reward /0|
H

n* =argmax Q*(s,a)
T
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DP vs. TD vs. MC

Dynamic Programming

Temporal Difference

Monte Carlo

(DP) (TD) (MC)
o3 2 E o Ee X 2 g3 X 22 93
st 24 (Plga%?lglg,ﬂ) Bootstrapping Sample return
2O0olE MK sweep O step oAt =2 S
Bootstrapping B AtE B AE X ArE ¢t gt
Online & X 0Ol2{=2 o ts A HTHH
AlD AR Hol Qs 0@ S IS(EeEs
x of 71
x|z S Zo7tel @itolE Y BN 21 B

g

11
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Solving RL: Dynamic Programming (DP)
(Expectation over transitions)

If the environment model P(s’|s, a) and reward function are known,

Qusr(5,0) = ) P(s'15,0) [R(s,0,5) +y max Qy (5", )]

initialize Q(s,a) arbitrarily
repeat until convergence:
for each state s:

for each action a:

Update: using above Eq.

5124 0| P(s'|s,a) @@  Perfectin theory,

Intractable in reality!
Updated by Expectation
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Solving RL: Q-learning on top of TD

Q-learning Algorithm: Solve optimal Q* using Bellman itratively

Qer1(sear) = Qc(sp,ar) + a < Riy1 +y max Qt(St+1,ae) — Qe(se, at)>

- Choose action a using €-greedy
EIENEIENEN
n - Take action a
Observe r, s’

- + +

Update: using above Eq.

s<s'
§._}?§9| 7(|_-|O| é.*% R P(s’ | s, a) =28 To tackle DP,
TD error: 6§ = target — prediction TD (Q-learning) is a
TD solves prediction, but not full control in practical solution.

complex environments
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Intractable in DP as well as TD

Key Challenges: State Explosion and Continuous Action

State Explosion Problem

« High-dimensional states cause exponential growth in

]

il ]
Il
L
& |
hJ
. |

state-action space
» Tabular methods become impractical due to

prohibitive memory and computational requirements

« Function approximation (e.g., neural net) is needed

Continuous Action Problem

» Infinite action space makes
optimization intractable
» Discretization introduces loss of

precision or increased complexity

[m

14 A2ZEQO £Of Z9| | =7|4 &= | Hongik University




Solution over TD (Q-learning)

Function Approximation!

Q(s,a) modeling function approximator - Q-learning

If function approximator is made with deep neural network - Deep Q Network

Neural Network \

\' ‘
‘,é‘ Q(s,a;0) I:‘J> Q*(s,a) = Q*(s, a)

A\. function function parameters
parameters (weights)

/
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