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* Training GCN
» Supervised
* Unsupervised

 Inductive Capabilities

* New graph
* New Node

* GCN vs. CNN
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GCN Formulation
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GCN Idea

Node’s neighborhood defines a computation graph

X2 Aggregator;
(1-hop)

— L«
Aggregator,
(2-hop)

Determine node computation graph

Message Passing: O

Propagating Information

Across the Graph Propagate & transform
Information

L/ 38 ALEYS 20 32 | 2y ue




Aggregate Neighbors

Generate node embeddings based on
local network neighborhoods

TARGET NODE

\

Local Neighborhood

* 1-hop Neighbors

* 2-hop Neighbors

Input Graph
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How Are Node Embeddings Computed?

* Collect messages from
neighboring nodes.

« Update neighbor representations
using neural networks.

« Aggregate the updated
representations to compute the

target node embedding.

Neural Networks

@~
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Each Node Defines Its Own Computation Graph

* Each node builds its own computation graph from its local neighborhood.
* The computation graph determines how messages are propagated.

* Node embeddings are learned through neighborhood aggregation.

Every node defines a computation
graph based on its neighborhood!




Deep GNNs: Expanding the Receptive Field

TARGET NODE

Model can be of arbitrary depth!

Each GNN layer aggregates Layer 0 uses the original
information from one-hop node features as input.
neighbors.

Layer-0

.
.
.
.
.
.
.
.
.
.
.
.
o*
.

Stacking layers enables n(;'des"to learn
from multi-hop neighborhoods:™..,
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What's Inside the Aggregation Box?

* Neighborhood aggregation is the core operation of GNNs.
 Different GNN models use different aggregation functions.

 Possible Algorithms (Architectures)

< GON e ‘
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Mean Aggregation in Graph Convolutional Networks (GCNs)

Aggregate neighbor features using mean pooling,

then transform the aggregated representation

with a shared neural network to produce a new node embedding.

oOm hn \\\ \\
4 \
NEURAL
< NETWORK
(shared)
> LR
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Mathematical Formulation of GCN

Basic approach: Average neighbor messages and apply a neural network

hY = x, Initial 0-th layer embeddings are equal to node features

Embedding of v at layer k

hk
hktl =g W, E X _+B.hk | Vke{01,--,K—1
v o k |N(U)| kv { }
/ UEN (v)

Non-linearity Avergge of neighbor’s |
pervious layer embeddings

z, = hX Embedding after K layers of neighborhood aggregation
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Permutation Invariance in GCN

Given a node, the GCN that computes its embedding is permutation invariant.

Shared NN weights !
\ >
q RN A
\« n

Average of neighbor’s previous layer
embeddings - Permutation invariant

Target Node
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Order 1

Target Node

Order 2

Target Node

Node feature X3 Adjacency matrix A1 Embeddings Hy
A B C D E F
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Adjacency matrix 4, Embeddings H,
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r [] Blue = connected (1) [ ] Black = not connected (0) ,
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GCN Computations are all Permutation Equivariant

Considering all nodes in a graph,
GCN computation is

* The rows of input node features and output

embeddings are aligned.

We know: For a fixed node identity, its embedding is

unchanged under node reordering.

« After permutation, the location of a given node in the
input node feature matrix is changed, and the output
embedding of a given node stays the same.

« Same node identity — Same embedding
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Mathematical Formulation of GCN

hY = x, Initial 0-th layer embeddings are equal to node features

Trainable Parameters (What we learn)

hk

hEtl =g | W, 2 = 4+ B.hk |, vke{0,1,- K—1
v o k |N(U)| kv { }
UEN (v)

z, = h¥ Final node embedding

h¥ Hidden representation of node v at layer k

Wy, : Weight matrix for neighborhood aggregation

Bj.: Weight matrix for transforming hidden vector of self-node
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Neighborhood Aggregation with the Adjacency Matrix

Adjacency Matrix A
Graph G o Embedding

) @ @ @ @ of i-th node
@[ o 100 0 e
@1?000|o }c
@[ o o o o 0 h.z
© + 11 0 o0 H* = Lk
70»70 0 0 0 .
@ °ofofo]o] N
@ @ ® (u5)

y: — 1 1 1 0 O

i [ ] However,

GCN uses mean aggregation

sums all neigbhor embeddings of ) _
instead of sum aggregation.

node v in k-th hidden layer.

simultaneously sums the neighboring features for all
nodes in k-th hidden layer.
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Mean Aggregation with Degree Normalization

Degree Matrix

D =

D™l =

Neighbor Features
(previous layer)
0§ 2 3
p. 0 f |
4 1 2
deg(uy) 0
0 deg(u,)
0 0
0 0
! 0
deg(uq)
0 1
deg(u,)
0 0
0 0

[ Mean Aggregation (Used in GCN) J

Mean of
neighbor features

—

-|

7/8 #°3/34 Bf3 ] —>

(1+2+4) (2+0+1) (3+1+2)]
o / 3 / 3

otLte|
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Resulting representation
(for node v)

Il I

(Normalized by degree [N (v)|)

Average aggregation in the
(k + 1)-th hidden layer

Hk+1 — D—lAHk
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Deriving the Matrix Formulation

Aggregations can be performed efficiently by matrix operations!

k _ [k pk .. 2k 17
Let H* = [hf, h%, - Ky,
Matrix of
hidden
k _ . gk
Then 2 hy =Ay:H embeddings
UEN (v) in Hk-1

Let D be diagonal matrix, where

Dv,v = Deg(v) = [N(v)|

. . . 1
The inverse of D (D™ 1) is also diagonal, p-1 —
(D7) g Dy Nl
Theref z h = D 1AH¥
erefore, NG|

UEN (v)
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Final GCN Update Rule

— k1T
H* = |h¥, hf, -, hf},

‘ e ‘ Update function in parallel processing
(Matrix form)

Hf*l =g + H*B;;

O @

In practice, this implies that efficient
Blue arrow: self tranformation sparse matrix multiplication can be
used (A is sparse).

Note:
Not all GNNs can be expressed in a simple matrix form,
when aggregation function is complex

19 / 38 ATEgOl B Yo | £ D4




Training GCN
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Training Approaches

Compute embedding z,, from Graph Input

Zy = feen (G, X)

G: Graph structure (e.g., adjacency matrix)
X: Node features

Unsupervised Learning: Use graph structure as supervision

When no node label available

Supervised Learning: Find paramenter 8 Minimizing loss £

arg mein L(y, fo (Zv))

y: Actual value (label)
fo: Classifier
L(-): Could be one of MSE, Cross Entropy, ---
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Unsupervised Learning

Possible idea: "Similar" nodes have similar embedding

argmin L = Z CE(Yy * Vur Zy * Zy)

ZuZy
zy, = fo(u)
Yuv = 1 when node u and v are similar
C
CE(y,9) == ) yilogfi,where § = fo(x)
i=1

y; and fg(x); are actual & predicted values of
the i-th class, respectively.

[> Intuition: the lower the loss,
the closer the prediction is to one-hot
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Safe or toxic drug?
Classification
Problem

- _, Use BCE or CE!

A drug-to-drug interaction Network ‘/ \;

Locs == » (v loga(zl) + (1 =y log(1 - o))

vev

v,. Node class label

zI': Encoder output (node embedding)
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Training: Supervised vs. Unsupervised

1) Supervised Setting

Minimize loss between prediction and ground truth

Input Graph GNN Encoder Node Embeddings Prediction (Head) Prediction  Ground Truth
(e.g., GCN) Z e RV fo(zy) 2 W
 EEO-
T
_9 s __) ZZ Dj:]:]:] _) _+ __)
| Ny | Loss
T L(yy,,
Layer 1 Layer K zy EINEEN ]" node v v 3)
y J N: #nodes, d: embedding dim :
| I
IL Backpropagation :
2) Unsupervised Setting
No node labels available. GNN Encoder e ————
Use graph structure as supervision. (e.g., GCN) | |
|« Link prediction |
Input Graph : « Node proximity :
. 5 5 : + Context prediction : Loss
i+ Graphautoencoder | Lunsup
: » Contrastive learning |
Layer 1 Layer K | | A
]
R . |
T !
A il i g == S R, | )
O Node (class 1) . Node (class 2) ’ Node (class k) @ Node (class k+1) @ Node (class k+2) D Embedding vector l:l Prediction vector D Ground truth vector
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Inductive Capabilities
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Transductive vs. Inductive Learning

X2 [of: AlE 917} 52

Transductive Learning 5

=
(Al EXe 257 22 25 8

« Training and test nodes belong to the same graph.

fujo

HEE=dE)

« Only labels are hidden for test nodes.

« The entire graph structure is available during training.

nductive L S 2R E
 Training and test nodes (or graphs) can be different.

« The model generalizes to previously unseen nodes or graphs.

* Embeddings are generated without retraining the entire model.
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Train Step 1/3

(1) Define a neighborhood
aggregation function

(2) Define a loss function on the
embeddings
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.a\q\kq\ (3) Train on a set of nodes, i.e.,
/ a batch of compute graphs
O,

e '7}\‘ J/é X
AR

®
3% :
535%

& 'C? Fris
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Train Step 3/3

(4) Generate embeddings
for nodes as needed

E=\van 1Tor nNnfnac \Wa navar
cven 101 noaes we rnevei

INPUT GRAPH

k 5
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Why Can GNN Generalize to Unseen Nodes?

The same aggregation parameters are shared for all nodes.

Parameter complexity is This parameter sharing
independent of the number of enables generalization to
nodes |V| because all nodes share previously unseen nodes.

the same aggregation function.

PO el L P

shared parameters

..... 44»44;
Pog M i
: shared parameters :
- oy S S 7y SRR ¥ 3

o"' O <5 &> O G000
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Inductive Learning: Generalizing to New Graphs

Train on one graph
(GNN parameter Wy, B;,) « Using

* No need to additional training

Generalize to new graph

Train on protein interaction graph from organism A and generate

embeddings on newly collected data about organism B

«  AtZH(Human)Q| CHEHE! At Xt
o MZF(Mouse)L} CHE MEZ0
dej=of CHsll =7t ots
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Inductive Learning: Generalizing to New Nodes

Need to generate

Many application settings . Reddit embeddings as new
constantly * YouTube nodes arrive
« Google Scholar
Zu
Train with snapshot New node arrives Generate embedding

for new node

Inductive GNNs learn an embedding function rather than storing
embeddings for existing nodes.

1. Many real-world graphs continuously receive new nodes.
2. Generate embeddings as new nodes arrive — without retraining.
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Play with GNN 101 Website!

https://visual-intelligence-
umn.github.io/GNN-101/

« GNNT1012 GNN LHE S&2 A| 4o = EfMgh o= Ql= &l 7| Ht
st T4

« o§|0|0{ = ==, Weight Matrix, Aggregation 2t7, Node Embedding

rE
ot
I
r
vl
A
|0
tok
o

=
o2 QIS 510] GNNS| A IFES AIBHEO 2 0|3

4
1z
=
>
J\I
+0+
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GCN vs. CNN
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What is difference, and what is similar?

[What is difference, and what is similar?j

4
FILTER
C N N = Same G N N
Tdea, Graph Data !
Different 20N /
S SN
° e e NEIGHBORS

/____.ﬂ,..__ P — — — — — — — — w— G— — G— — — — — — — -

GNNs {-]ollow tine convolution idea,

IS, :
'3 i ids! |
P R but work on graphs instead of grids

Why is a GNN called a graph convolution?

Let's explore the answer step by step.
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CNN: Convolution over Local Neighborhoods

RLH = a< > Wllh5>
UeEN (v)u{v}
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Graph

é>

(ht, + B,hf,))

piH = a< >« h5+31h5)) pir =
ueN (v)u{v}

CNN can assign different weights
to neighboring pixels because
their relative positions are fixed.

UEN (v) u{v}

GNN shares weights across all
neighbors because graphs lack
fixed positional information, and
neighborhood aggregation must
preserve permutation invariance.
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GNN vs. CNN

.
Aspect GNN CNN Key Takeaway
Neighborhood Arbitrary graph Fixed grid structure GNN héndles gengral
structure (uneven degrees) (regular neighbors) graphs; CNN has fixed

local neighborhoods.

g Neighbor size

Variable
(depends on node)

Fixed
(e.g., 3x3=9)

CNN filter size is
pre-defined.

= : : All neighbors share Each neighbor has GNN: shared weights
O—; % Weight sharing the same weight W different weight W* CNN: position-specific
(by relative position) weights
@ Positional No fixed positions or Relative positions EYNacadlstinghiieh
information ordering are fixed neighbors by position;
GNN cannot.
/~\ Permutation Permutation invariant Not permutation ihwa:f;;zgcrr]\?;\lgzg;;gder
R_J t iy ; i - !
property (equivariant) invariant/equivarian "ot in GNN.
0 CNN is a special GNN
Z Updaterule |, aw)_ w, Y i +BhO| KV =g Y wrr® + P | with fixed size, ordering,
(aggregation) weney INO)| W

and position-aware
weights.
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