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Traditional ML for Graphs

From an input graph,

G(N,E) Extract node, edge, and graph-level features

Learn a model (Regressor, SVM, NN, etc.)
that maps features to labels
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Goal in Graph Representation Learning

Create a task-independent feature efficiently for ML

f:A—)IRd

Feature Representation

g:E > R?  AKA,Embedding
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Why Do We Need the Node Embedding?

Map nodes into an embedding space:

Similarity of embeddings between nodes their similarity in the network.

 Both nodes are close to each other (connected by an edge)
« Encode network information

 Potentially used for many downstream predictions

— ¢ Node classification

R4  Link prediction

::> _J+ Graph classification

 Anomalous node detection

» Clustering
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Goal of Node Embedding

Similarity(u,v) =~ z} - z,

In the original network Similarity of the embedding

We need to define
“Encoding Function”

ENC(u)
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original network embedding space
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Learning Node Embedding

Define a node similarity function
(A measure of similarity in original graph)

maps from nodes to embeddings

Optimize the params of Encoder so that:
Similarity(u,v) =~ zl -z,

In the original network Similarity of the embedding

maps from embeddings to the similarity score
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Shallow Encoding

Encoder : Embedding Lookup Table

ENC(U) =/ -v= Zy ,WhereZ e [Rdx|v| and v € H|U|

d

(embedding
dimension)

\

( dim 1
dim 2

dim 3

dimd
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for (u,v) € E

select column k
(node vy)
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Optimization Objective:
Maximize similarity between
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What is the Best in Defining Node Similarity?

Two nodes should be similar if they:

© are linked? @ share neighbors? © Have similar
“structural roles”?

e ® ®© @ o0 oo
¥ ‘\‘\ l'o’ \ / \ /
o6 csec 5.4

- ] vV /
@ & S &6

8 : h [ cp: : 1 " Havin similar connection i
Direct connection Sharing many neighbors " g (roled) indicat
indicates similarity. indicates similarity. PRESERS SR S RGeS

similarity.
O—O = similar e sl e = similar » ::.:: — ::.\’: = similar
\ W, k J . J
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Possible Solution: Random Walk Approach

We need an approaches for node embedding s.t.:
v Not utilizing node labels

v Not utilizing node features

Learn node embeddings while preserving network structure.

Also, task independent!

Random walk approach for node embedding
or

Just apply End-to-End fashion
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Node Embedding: Random Walk Approach
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Notation

z,,: Embedding vector of node u

What we aim to find

P(v|z,): Predicted probability of visiting node v
on random walks starting from node u

Non-linear functions: Tools for produce predicted probabilities

Softmax: Sigmoid:
Turns vector of K real values Turns a real values
— K probabilities that sum to 1 — a value in range of (0, 1)
e’i _
0(2) = s S =11
j=1€¢"
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Random Walk

Start from a randomly selected node.

c ° « Randomly choose one of its neighbors.
' * Move to the selected neighbor.

* Repeat the process for a fixed number of steps.

 Visited node sequence is called a random walk.
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Probability of Co-occur between Nodes

T _ Probability that u and v co-occur
Zu " Zv = on arandom walk over the graph

1. Estimate probability of visiting v on a random
walk starting from u using some random walk
strategy R

Pr(v|u)

2. Optimize embeddings to encode
these random walk statistics.

Dot product = cos(0)

13/ 35
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Advantages on Random Walk

Expressivity
Flexible stochastic definition of node similarity
If random walk starting from wu visits v })
with high probability, u and v are similar. |
ghp y Pr( ‘ 1)
(Repeat until the predefined walk length is reached.)

Efficiency

Do not need to consider all node pars when training

Only need to consider pairs Z;

that co-occur on random walk!
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Unsupervised Feature Learning

Goal:
Find embedding of nodes in d-dimensional space

that preserve similarity
G =(V,E)

fiu - R, where f(u) = z,

|dea: Nearby nodes are close together in the graph

Define nearby nodes:

Ny (u):neighbors of u obtained by
some random walk strategy R

Log-likelihood Objective: mjgxz log P(Np(w) | )

uev

157/ 35

ATEgOl B Yo | £ D4




Random Walk Optimization

™ 2
. Collect nodes visited . Treat visited nodes as

the neighborhood of
the source node.

Run short random walks |
from every node.

during the random walks.
00-00-0-
00090
~00000-
500000

=

.

Learn embeddings that predict ) (C5 Optimize using a maximum
- likelihood objective.

these neighboring nodes. ‘ ,
: ~§E=N
max ) log PNR() | 7.) i

(=%

‘ -
J
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Design Objective & Loss

We want to predict the nodes that are likely to be visited during
a random walk using only the embedding of node .

NR (u) — {vll Vo, e, v‘l’l}

Assume nodes in Ny (u) are

P(NL () | 2,) PN |2) = | | Pl

conditionally independent.

VENR(u)
Taking logarithm log P(Nz(u) | z,) = 2 logP(v | z,)
VENR(u)
Objective:
maxz log P(Np(u) | z,) > m}élxz Z logP(v | z,)
4 UEV U€EV veNg(u)
Loss:

L = maxlog P = min(—log P(v|z,)) » — 7 7 logP(v | z,)

U€eV veNg(u)
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How to calculate P(v|z,)?

We model the probability that node 7/ is most similar to each node in the graph.

exp(zy - 2y)

ZnEV exp(z]; ) Zn)

P(vlz,) =
Optimizing random walk embedding:

Put it all together: Finding Embedding z,,

that minimize £
L= —z z logP(v | z,)

uevV veNg(u)

-3 o exp(zy - z,)
! ' Qnev EXp(ZZZ * Znp)

u€evV veNg(u)

O0(|V]?) complexity
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How to reduce Complexity?

1. Random Walks

2. Positive Samples

Nodes that co-occur with U in
random walks are positive samples.

3. Negative Samples

All other nodes that do NOT co-ocur
with u are negative candidates.

@ : target node

O : positive sample (co-occurs)

Q : negative sample (does not co-occur)

Example random walks starting from u

Positive samples for u (example)

-OOOOOOO -

Visited with u in random walks

Negative candidates for u (all other nodes)

> OOOWO Mm@ -

¢ Random sampling
Negative samples for u (example)

@ ® @ @ (k is the number of
negative samples)

_‘Q’_ Positive samples: nodes that appear with u in random walks

= Negative samples: a small number of nodes randomly sampled
from the rest (not necessarily never connected to u)
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Efficient Training with Negative Sampling

T,
Original Softmax Objective Z log exp(zy - zy)

T,
pENR (W) ZnEV exp(zy - Zn)

Randomly sample only k negative nodes
Randomly sampled

Approximate softmax using sigmoid o (-) negative nodes (k)

k

~logo(zl - z,) + Z log (a(—zﬂ : Zni)),where Zn; ~PV e gative
i=1

Negative Sampling Loss: Maximization — Minimization Objective

k
L=—loga(zl -z, — z log (a(—zZl : an-))
i=1
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Optimization of Node Embedding

L= —S: 7 logP(v | z,)

uevV veNg(u)

k
= —logo(zl - z,) — z log (J(—ZZ : zni))
=

Zi = [Zl,Zz, ’“,Zlvl]

, oL
Vi, compute 37
i

0L

Zi =4 =I5

l
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DeepWalk
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DeepWalk (1/2)

DeepWalk: Online Learning of Social Representations, ACM KDD 2014

Bryan Perozzi, Rami Al-Rfou, and Steven Skiena
Stony Brook University, NY, USA
https://arxiv.org/abs/1403.6652

A good embedding places similar nodes close together.

1B
=18k .‘
1

! 1 ! 1 ] 1 !
-1.0 -05 0.0 0.5 1.0 1 2.0 2.5

(a) Input: Karate Graph (b) Output: Representation
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https://arxiv.org/abs/1403.6652

DeepWalk Idea: How should We Randomly Walk?

We can optimize embedding with given a random walk strategy R

Example Graph

/\

//°\

What strategy should we use for R?

Random Walks (length = 5)

e start from 1:
0-60-0-0-0-0
o start from 2:

e start from 3:

0-0-0-0-0-0

24 / 35

DeepWalk: Key Ideas

1. Random Walks
Run multiple fixed-length,
unbiased random walks
from every node.

2. Walks as Sentences

Each walk is treated as a
sequence of nodes
(like words in a sentence).

. Learn Embeddings
Use the Skip-gram model with
negative sampling (Word2Vec)
to learn node embeddings.




DeepWalk (2/2)

First Deep Learning-Based Node Embedding
Map graph vertices into a low-dimensional continuous vector space.

Input Graph
(Network)

Random Walks

CRONORONOR
©-0-08@-
©-©-090-
®-8-@-@-0-

Truncated Random Walks
(Node sequences)

Truncated Random Walks:

. Generates short sequences of nodes by traversing the graph randomly, converting structural layout into sequential data.

Bridge to Natural Language Processing:
. Treats the generated node sequences as "sentences" and individual graph nodes as "words."

Skip-Gram with Hierarchical Softmax:
. Leverages Word2Vec's core architecture to maximize the co-occurrence probability of neighboring nodes

NLP Analogy
Node sequence : Qéo’\ @é

I
A sentence : .‘...

~N

[ Node <« Word (Vocabulary) ]

7

¥

Target node

oé'
0

Context nodes
(within window)

Skip-Gram Training l
(_Maxir;iz?

co-occurrence
probability

;7t T
Word2Vec
Skip-Gram

+

(" Learned Embeddings W

A @@
o3 <o
@ @ % g
P @
@®
@3 Q.
oo ®
Q. )

Hierarchical

Softmax
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Node2Vec
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Overview on Node2Vec

Just walk randomly
on the graph.

| DeepWalk | :

MY Just walk to neighboring
nodes randomly without
overthinking~

[ node2vec |:

By adjusting p and q,

let’s walk differently

and explore different
kinds of nodes!

Change the walking style
depending on the goal.

(DFS-like (q4) . |

BFS-like (q1) §3 T
Stay close to the source T

and explore nearby nodes *'4 3 i
(capture local structure).® L" . %y®

Explore farther away

and discover nodes with
similar roles Y
(capture structural equlvnlence) L o

[ Result: We can control which nodes are considered similar during learning. )
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node2vec: Scalable Feature Learning for Networks

Aditya Grover, Jure Leskovec
Stanford University, CA, USA
https://cs.stanford.edu/~jure/pubs/node2vec-kdd16.pdf

Goal:
Learn low-dimensional node embeddings

such that nodes with similar network structures are located

close to each other in the embedding space.
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https://cs.stanford.edu/~jure/pubs/node2vec-kdd16.pdf
https://cs.stanford.edu/~jure/pubs/node2vec-kdd16.pdf
https://cs.stanford.edu/~jure/pubs/node2vec-kdd16.pdf

Homophily?

* Similar nodes tend to connect to each other
 Connected nodes often share similar attributes or interests
« Common in social and citation networks

« BFS-like walks explore nearby nodes

Computer Science Biology
Students Students
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Node2Vec: Motivation

Goal:

Embed nodes with similar network neighborhoods
close in the feature space.

Key observation:
Flexible notion of network neighborhood Ny (1) of
node u leads to rich node embeddings.

.

Develop biased 2nd order random walk R to generate
network neighborhood Ny (1) of node w.
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ATEgOl B Yo | £ D4




Biased Walks

Flexible & biased random walk that can trade off
between local and global views

Walk of length 3 (N (u) of size 3)

Ngrs(u) = {s1,52,53}  Local View

Nprs(u) = {s4,S5,56}  Global View
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Interpolating BFS and DFS

Biased fixed-length random walk R
that given a node u generates neighborhood Ny (u)

Return parameter p

Controls the probability of returning to the previous node.
Large » — Less likely to return.

Small p — More likely to return.
and g to smoothly interpolate

between BFS and DFS.
In-out parameter g

Controls the trade-off between BFS and DFS exploration.
g > 1 — Favors BFS (local neighborhood exploration).

g < 1 — Favors DFS (global exploration).
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One Step of Biased Random Walk

Transition Probabilities in node2vec

The random walk has just moved from ¢t — w.
The next node is selected among the neighbors of w.
Each neighbor is categorized by its distance from the previous node t:

/ Distance 2 from t

/ « Distance 0: Return to the previous node.

Distance O from t

 Distance 2: Explore farther from the

previous node.
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Example of Biased Walk

Target x Prob. Dist. (t,x)

t 1/p|l O

1
S, [|1/g9 || 2
S; |[1/9 ]| 2

BFS-like walk: Low value of p
DFS-like walk: Low value of g

The values 1/p, 1, and 1/q are unnormalized transition weights

and are normalized into probabilities before sampling.

T[WC,:

P(cilw) =

ZXEN(W) Twx
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How to Choose the Next Node in Node2Vec?

( 3 Y (G )
Q Graph structure (t - v - ?) e Distance d(t, x) for each candidate 0 Compute unnormalized weights
0 Tyx = Apq(t,Xx) - Wyy (assume wy, = 1)
Candidate .
Relation to ¢ :
node x asaton; i d(t, x) Candidate tpq (£, %) "
node x v
(return) % i 0 1/p 1/p
neighbor |
of t 1 1 1
dge t —
(edge t — x1) 1 1
neighbor
of t 1 1/q 1/q
(edge t — x3)
i 1
, \éval:_:a: ju?t movelitt el } = NO) not a neighbor 7 (x=10)
o . ) ) ’ = . p—
E:;els (atei )r(;r:dv(t leezzt ]:Lt (t,x ;)does not (path tOfff x3) : Tl 1 it e
® y X1 » X2 , » X3 . —V=X3 4 /
L e 1 q (otherwise) ;

~

{- W\ 5
G Normalize to get transition probabilities Q Randomly sample according to the probabilities

1 1
Z=—+4+1+1+=—
P

—
0 Effect of p and ¢

q | p (return parameter)
Candidate Tyx 0 e e Q e Controls the probability of returning to ¢.
node x Py p)= Z o Smaller p — higher chance to return (1/p is large).
/p)/Z (1/p)/Z 1/Z 1/Z (1/9)/Z e Largerp — chance to return.
1/RZ: l l l l q (in-out parameter)

192 Choose one node ‘ e Controls the preference between BFS and DFS.
with these probabilities (random sampling) e Smaller g — higher chance to visit x3 (outward, d = 2).
(1/q)/ Z

e Larger g — lower chance to visit x3.

— J \
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