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What Does It Mean to Represent a Graph?
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From Real-World Data to a Graph

dej=G = (V, E)
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Choosing Nodes and Edges
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Different Representations, Different Information
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One Graph, Multiple Representations
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Q1 2 (Adjacency Matrix)
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V={a,b,cd e}
E = {ab, ac, be, cd}
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Adjacency Matrix

Aij =1LE |9|'J7|' a4

Ay =0GEEX HS

Ak ol == =M : [a,b,c,d,e]

a b C
a 0 1 1
b 1 0 1
C 1 1 0
d 0 5 1
e 0 5 0
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Directed and Weighted Adjacency Matrices
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Reading Structure from the Adjacency Matrix

a b C d e DE 0|2 &7 c o SHoA 10 ¥S
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Computing Degree from the Adjacency Matrix

d; = Zj Ajj d= Al
Ches - 2HISE. H|7HE 2= (self-loop S18)0IA 2F &9l 20| O = =9| Xt¢
a b C d e K==
a 0 1 1 %) 90 p.
b 1 (5] 1 0 %) p.
C 1 1 (%) 1 0 3
d (%] 0 1 0 %] 1
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d=12,2, 3,1, 0] 5k = = B
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Edge List

£ 2|0o])

I B2, edge index
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Adjacency List

2 =EO} 0|2 822 A M

P |

a: |b c] 0|2 27

b : |a,c] 0|2 27

Cc : :a,, b, d] 0|2 371

d : |[c] 0|2 17}

e : |] 220z F
A 0|2 &=9o| 4 2m

0|2 B0 MY 2 = US 2+2+3+1+0=2m

dlsl DEj e Ligbs 0|20 S0j9E 0|2 5 292 MASX| Mot

a

ZEQOf #O§ Z2f | 74 == | Hongik University



Comparing Graph Representations
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Why Real-World Graphs Are Sparse

Slad =7tstt 2 92 & 22X HE2 HE0| B2 H

st Z|Of 2t == (self-loop 942) UL (density)
(n __ n(n—-1) 2m
2/ p) n(n—1)

TE = 7tsc 1N 2t F X ZHdo| otLt EXYst=7t

- _ m _ 2m
Density = ——" 75 = 7D
density = 1 density — 0
2t 2= (complete graph) 3|4 Ol (sparse graph)
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Density: A Worked Example
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Why Sparsity Grows with Graph Size
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Why Sparsity Decides the Storage Format
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Dense vs. Sparse Representation
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COO Representation

COO (Coordinate) — ZIE 2} S 2 7|E6l= 5|4 il HAl
2= 7= NEot= ofd! "o C|of| o 20| Aq=7t"2F M
M HIE2| 22 fIX7F ot /& - QIE A= 0 FH A&
k (%] 1 2 3 4 5 6 7
row|k] (% (%] 1 1 2 2 2 3
col [k] 1 2 0 2 (%] 1 3 2
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Isolated Node and Matrix Shape
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COO and PyG edge _index

PyG = PyTorch Geometric, 2| = &t 2t0o|22{2|2| &

OFX |

fow @ col & 5 #om TH2BM — 2 YO| FLEA £ E K BfL
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CSR Representation
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Why CSR Is Efficient
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Memory Complexity of Graph Representations

7t O|A| : n = 100,000 - m = 1,000,000 - &eF & s = 2,000,000

4 ME e o =22
dense n?7iel & 40 GB
COO s7H8| row x col X value 40 MB
CSR n+1Z2E + s72| col x value OF 24.8 MB
7hx PyG edge_index & 3Gt
float32 4% 4 B x int64 IHA 8 B 32 MB

dense 40 GB — S|4 YAl =4 MB : 2 1,000 B X}O]
CHel= M GB - MB 7|&E Y
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Real-World Graphs at Scale
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Friendster £ float32 dense 2 HX|™
(65.6 M)2 x4B~17.2 PB

Friendster Twitter-2010 ogbn-papers100M
Dense adjacency matrix = Sparse edge list 2 HHY = Sparse 2 M3 GNN &
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Why Sparse Representation Matters for GNNs
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Structure Alone Is Not Enough
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Node Feature Representation
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Categorical Node Features

= one-hot encoding 22
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Edge Feature Representation
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Graph-Level Features
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Features from Graph Structure
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Degree as a Structural Feature

K== HEHE 7|E x O €2 F7I5IH S X=2l0[ 3 0M 4 2 50{H
LE 25g 7 A 7 B A== (371
a 2 1 2
b 1 1 p)
C 3 1 0 3
d 1 1
e 1 (%)
r.=[3,1, 0, 3] M o L
X401 | = g2 22 [0.5, 0.5, 0.75, 0.25, 0]

X7t 280X Xot= A

| -
O[X AtO|e| HZO|Lt H XO| == ELhA| X&
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Local Structural Features

— o
oo 4" Local clustering coefficient
ti-iEOO—C-’— o0 =RSH= 7HM L 2t;
1 £ E 9] 0| ALO|Of EXSt= ZHd == C; = D)

d; > 20 o5 Ho|5tH, ¢, <2 M ¢, =02= 4F

= a b C d e
d; 2 pi 3 1
ti 1 1 1
Ci 1 1 1/3

L c 9 £0]

O|22 a, b, d O|EE 7}5%t 0|2 A2 ab, ad, bd 2| Al 7|

O] & dN= HZ=l ¥2 ab ofL+= Y

C. = 2L _ 1

c— 32 — 3
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Raw Features vs. Structural Features

RAW FEATURES STRUCTURAL FEATURES
HA| 25 EF T E¥H

gsg - 7Y Xt== - clustering coefficient
QE 7|50 2o 2R EO| A A A

FE co AT oA

Z0| HHEH = EX 2 CRA| AAtSoF ot 25 £ E 5 Ao W St
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A Machine-Learning-Ready Graph
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Td 24 =y olx el 27|
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2= QIElATE O O 4 n ORI} ‘ X ol =7 n QI7}
{8 EA = = XE g5 27 L 2= =R,
B vy = S0 X =

AT EQO B Z2of | =74 @24 | Hongik University



PyTorch Geometric Data Object

COO0 PyG Data
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PyTorch 2t PyG 2| 4|
PyTorch : HIA A4t Xbs O] 29| 7|8 XS
PyG : J2f{= O|O|E| ZHKN[2F GNN 23 7|5 XS

PyG (PyTorch Geometric) £ PyTorch & 7|8t 2 2 [|O|EH 2}
Odgf= MAIGNN) € CHRE= 20|28 2
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Data Object Fields

zc o[O|
EE EF

X 2t SO L E SfL}

) Ol ZAE| L CO| O[T A M
edge_index il :le[‘ ©
- S & source, =M A target - torch.long

o 7iEd EX|

edge_attr == e

ge_ edge_index 2| €2 =A E0f OfS

TaskOf| IhE O = EH

y =E GhQIX| 2= e QIX|of w2t e
T E

nhum_nodes 13 o= ma

from torch geometric.data import Data

oA =271
(5,3)
(2,8)

Gy

Not Given in Our Slide

data = Data(x=x, edge_index=edge_index,
edge attr=edge attr, num_nodes=5)
Data Off M3t EF0| X522 ofgk= A2 Ord
x7F Gld HBUO=E LE =5 FESH 18 LES T 5+ US
A2 M num_nodes € FA|g COO 2| value=1 1t edge_attr = CHE 44
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One Small Graph: End-to-End Representation

import torch x O 3tHm| X
from torch_geometric.data import Data
c2[ E5&[31,0]

= torch.tensor([
[2) 1) @]J [1J @J 1]) [3) 1) e])
[1, e, 1], [e, 1, @] 7R & [2, 3]

], dtype=torch.float) COIM d 2 Stete a2

edge_index = torch.tensor([ edge_atu'ZIE31
[0, 0, 1, 1, 2, 2, 2, 3],

[1, 2, 0, 2, 0, 1, 3, 2]
], dtype=torch.long) edge_index 0f 4 7} 212

x o SEHmY M}

edge attr = torch.tensor([
[2], [1], [2], [31, [1], [3], [1], [1] num_nodes=5 7t e & =&
], dtype=torch.float)

data = Data(x=x, edge index=edge index, ...)
SBE ZHd 4 NE a4 =E %
4 8 5
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From Hand-Crafted to Learned Representation

AFZH0| ML (Graph Learning)= sl 23S AlS

01 02 03 04

L EQF ZtA o] H N o] =X| 2l=7 o
ST mEmassy ST 10T xobe 2z £
— (@)

Uz FH|oHs EHE ¥E o

olojet HHE AtEto| Bl she IHON CHRE @l 27
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Limitations of Hand-Crafted Features

S g L E 6717t StLtel =2tE O|F= ¢ 2 =2l of4d F i

Co — stLtol =2 #4d £ — 228

AN def= Ed 2Z+Ex2 (double triangle)

Zt L E9| degreelt A3 £ L) o+ 2
clustering coefficient 7} %) 1
Kp=0F EBF Dz MAT0| YHSIH & defj=o| Hdd X0|F EUX] =&
Clustering coefficient & F7|5tH =& 7ts
gLt oot EFE O A7 5o R0 2e

b Zoh (W& & Ite =71
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Next: Node Embedding

This Lecture:

AH 1x % 54 1% 5%
oI dE . ol AHA LC . ZhH0 B3 A== S ArE0| I E=
Next Step:

oSl = ol S =
LEo| R8¢ BYlS HOIHZRE 5T = USSP

Node Embedding

SoE LE BT
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